Negative radix transformation algorithms and a sequential logic machine for bidirectional binary implementation  by Lanning, Walter C.
INFORMATION AND CONTROL 34, 271-285 (1977) 
Negative Radix Transformation Algorithms and a Sequential 
Logic Machine for Bidirectional Binary Implementation 
WALTER C. LANNING 
Sperry Systems Management, Sperry Division, Sperry Rand Corporation, 
Great Neck, New York 11020 
The purpose of this paper is twofold: to give a positive integer algorithm for 
transforming both negative and positive numbers between equal magnitude 
radices of opposite sign; to implement a sequential logic machine for bidirectional 
conversion of radix 2 numbers which requires no "a priori" or "a posteriori" 
knowledge of the sign digit and which automatically generates the properly 
signed data and its complement, when required, on a digit-by-digit basis 
starting with the least significant digit. 
I. INTRODUCTION 
A number can be represented by the juxtaposition of the coefficients assigned 
to the powers, in descending order, of the implied radix. For example, n-digits 
of an integer appear as 
N : an_ lan_  2 "'" a la  o . 
However, this representation is useful only when the radix is known; hence, 
the more general form is 
N = an_l rr°-I + an_2r '~-z + "" + a i r  + ao r°, (1) 
where 0 ~a i  ~ I r [ - -  1 for I r l  > 1. 
This form is valid for all radices whether positive or negative. When a negative 
radix is utilized, the numbers need not be polarized by a separate symbol since 
the sign is inherent within the number structure. For example, the decimal 
number +154 can be expressed as 14104 in radix --5 notation, while --154 
would appear as 2411 ; no sign digit is required. These results are easily verified 
by direct substitution into Eq. (1). 
Copyright © 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
271 
272 WALTER C. LANNING 
2. TRANSFORMATION OF NUMBERS BETWEEN EQUAL MAGNITUDE RADICES 
OF OPPOSITE SIGN 
Although the algorithm for converting numbers from negative to positive 
radices of equal magnitude was first presented by deRegt (May 1967) and for 
converting in both directions by Zohar (March 1970), let us proceed to redevelop 
them along slightly different lines. 
In transforming from a positive radix r to an equal magnitude negative radix, 
by observation it is apparent that even powers of the positive radix number 
directly transform into even powers of the negative radix without m,adification 
of the coefficient since 
a2i (+r)  ~i = a2,( - - r )  2i where i = 0, 1, 2 ..... 
It is also apparent that odd powers cannot be transformed into an equivalent 
negative radix without modification of the coefficient since 
a~i+lt(@ rx2i+lj 5/= a2i+l(--r)  2i+1 for a~i+, J= O. 
Hence, let us examine the odd powers to determine if they can be replaced 
by equivalent even powers. The term corresponding to the 2i + 1 digit of a 
positive radix number is 
a (@r ~2i+1 2i+1\ ) " 
Thus, the following can be established: 
where 
a~i+l (@r)  ~i+1 = (@r)  2i+2 - -  (@r)  21+2 @ a2i+l (@r)  2~+1 
= (~-r )  2i+2 - -  [ (@r)  - -  a~i+l ] (-qt-r)2i+1 
---- (+r )  ~+2 - -  a*~i+lt(+ r~'+l/ 
= (+r)2~+ 2 + a~+i(--r) ~t+1 
a~* = I r l - aq for aq v~ O, 
radix complement of the digit aq. 
(2) 
Hence, from Eq. (2) the digit a~i+l in radix ff-r representation contributes 
the term a2i+l* to the radix --I r I representation provided the digit azi+2 of the 
original representation is increased by 1. 
Let aj  = original coefficient of (+r)J term; aj == modified coefficient (+r)J 
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term; aj* = radix complement of the modified coefficient of (+r)~; b~ = trans- 
formed coefficient of ( - - r )  3" term. Therefore, 
a2i (-~-r) 2i -+ azi ( - - r )  ~i -~ b2i ( - - r )  2i and a2i+l : :  a2i+l. 
a~+~(+~)~'+~ -~ a~+~(--r)~'+~ = b~i+~(--r) ~'+~ for ~i+~ # 0, 
azi+t - -  b2~+1 = 0 for a21+l : O. 
And in either case 
where 
a2~+2 == (a~i+2 + c~+2) Mod I r i, 
%+2 = 1 for a~i+l ~ 0 
c2i+2 : 0 for a2i+l = O. 
The carry that could be caused in computing the term a2i+2 is handled in 
the same way that is normal for arithmetic operations with positive integer 
radix numbers; it is merely added to the next higher contiguous digit. This is 
demonstrated by the following: 
am rm @ (am-1 @ 1)r "*-1 = a,~r ~ + r(r) ~- I  
= amr m @ r m @ O(r) m-1 
= (an + 1)r "~ + O(r) ~-1 for a~r,-1 = r - -  1. 
The same process holds for the inverse conversion of negative radix numbers 
to positive radix numbers; only odd powers of the negative radix cause trouble. 
An odd power of digit 2i + 1 would be 
b~i+~(--r) 2~+1. 
Thus, the following can he established: 
b2i+l(--r)2i+ ~ = --(--r)2i+2 + ( - - r )  2i+~ + b2i+a(--r) 2i+1 
= - ( - r )~+~ + [ ( - r )  + b~+d ( - r )  ~i+~ 
= - - ( - - r )  2i+~ - -  (r - -  b2i+l)(--r) 2i+~ (3) 
= - ( -~)~+~ - b~+~(--r)~+~ 
= _(_ r )U+2 + h* t_L~2i+l 
~2i+1\ / ' ]  
where 
bq* ~- r l - -  bq for bq # O, 
radix complement of digit bq. 
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Hence, from Eq. (3) the digit b2i+l in radix - - I r  ] representation contributes 
the term b*+l to the radix +r  representation provided the digit b~i+l of the 
original representation is decreased by 1. 
Let bj = original coefficient of ( - r ) J  term; bj = modified coefficient of 
( - - r )  ~ term; b~* = radix complement of modified coefficient of (--r)J; a~ = 
transformed coefficient of (+r)~ term. Therefore, 
b2i(--r)2i-+ b~(-~r) 2~ = a2~(@r) 2~ and b~+~ = b~+~ 
b2i+l(--r) 2i+1 --> b~+l(@r) 2i+1 -~ a2i+lt.[@ rh2i+11 for b2i+1 # O, 
b2i+1 = a2i+1 = 0 for  b2i+1 ~- O. 
And in either case 
where 
bt b2i+~ = ( 2i+2 - -  c2i+2) Mod l r I, 
%+2 = 1 for b21+2 =/= 0, 
c2i+~ = 0 for b2i+2 = O. 
The borrow that could be produced in computing bai+2 is also handled in 
the way normal for arithmetic processes with negative radix numbers; it is 
added to the next higher contiguous digit. This is demonstrated by the following: 
bm(--r)  m @ (bin-1 - -  1 ) ( - - f )  m-I  
= (b~ + 1) ( - -~)  ~ - -  ( - -~)~ + (b~_~ - -  1 ) ( - -~)~-~ 
= (b~ + 1)(--r) ~ --  ( - - r ) ( - - r )  ~-~ + (b.~_a -- 1)(--r) ~-~ 
= (b~ @ 1)(--r) ~ + r(- -r)  ~-~ + (bm_~ -- 1)(--r) '~-~ 
= (b,~ + 1)(--r) ~ + (r ÷ b~_l - -  1)(--r) "-1 
= (b~ + 1)(--r) "~ + (r - -  1)(--r) m-1 for b~_ 1 = 0. 
When converting negative integers from a positive to a negative radix, it has 
been shown (Zohar, March 1970) that a modification of the N -I~'1 algorithm +Irl 
can be utilized. However, the positive integer algorithm alone is adequate 
provided that, in the case of a negative integer, a radix complement of its 
magnitude is performed prior to the conversion. Further, since for both positive 
and negative values the n-digits of a positive radix number can transform into 
n + 2 digits of a negative radix, two additional eading digits must be affixed 
to the original number to take care of the internal carries and borrows generated 
within the algorithm. For example, positive and negative quantities for the 
decimal number 36 will be as follows: 
+36 will appear as 0036, 
--36 will appear as 9964. 
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The conversion algorithm for transforming numbers between identical 
radices of opposite sign is illustrated in the flow chart of Fig. 1. In the figure 
the following symbols are used: ai : original coefficient of (+r )  i term; b i - -  
original coefficient of ( - - r )  i term; Di • modified original coefficient of (-+-r) i
term to be transformed; Di*  = radix complement of digit Di = I r [ - -  Di  ; 
T i  := transformed coefficient of (~r )  i term. 
EXAMPLE 1. Transform --210324102 from radix +5 to radix --5. In the 
initialization process the number is appended with two leading zeros, and then 
complemented: 
--210324102 --~ --00210324102 --~ 44234120343. 
The initial conditions are 
i = 0: To 
D1 
D1 
T~ 
Ca 
D2 
i-----1: T~ 
D~ 
D~ 
T~ 
C~ 
D~ 
Do=ao=3 
D1 ----- al -= 4 
D2 = az  = 3 
D 3 : a 3 = 0 
D~ : ,  a4 = 2 
D5 : a5 = 1 
D6 : aG = 4 
D v : a 7 - - '  3 
D s : a s = 2 
D 9 ~--- a 9 : 4 
Dlo : alo : 4 
M: I  
Done at i = 5 
:D  o ----3 
: D 1 ----4 
: o (~) 
= DI* = 1 
=1 
- - (D  2 -~ 1) Mod(5) = 4 
=D 2 =4 
= Da =0 
:0 (=)  
=0 
=0 
= (D4 -k 0) Mod(S) = 2 
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i=2:  
i=3:  
i=4:  
T 4 : D 4 =2 
D 5 - -  D 5 : 1 
D 5 : 0 (v ~) 
T 5 =Ds*  =-4  
C 6 = 1 
D.  = (D6 + 1) Mod(5)  = 0 (with overflow) 
D 7 = (D,  + 1) Mod(5)  = 4 
T~ = D 6 =0 
D 7 = D 7 : 4 
D 7 : 0 (=/=) 
T 7 = DT*  : I 
Ds = (Ds + 1) Mod(5)  = 3 
T~ = D s = 3 
D9 : D9 = 4 
9 9 : 0 (=/=) 
T 9 = Do* = 1 
Qo  : 1 
Dlo = (D1 o + 1) Mod(5)  = 0 (with overflow) 
D n is not  computed  because Dlo is last digit  
i = 5: 7"10 : D10 = 0 
Done 
N T = 01310420413. 
Thus  - -210324102 q+5 t ransforms to 01310420413 i 
EXAMPLE 2. T rans form 01310420413 f rom radix - -5  to radix +5.  The  
init ial  condi t ions are 
D O = b o = 3 
D 1 = b 1 = 1 
D e = b e = 4 
D a == b 3 = 0 
D4 = b4 = 2 
D5 = b5 = 4 
D 6 = b 6 = 0 
D v = b 7 = 1 
Ds  - :  b8 : 3 
D o = b 9 - -  1 
/)1o = blo = 0 
M=- - I  
Done  at i = 5 
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i = 0: To -Do  = 3 
D1 = D1 = 1 
D 1 : 0 (5 )  
T1 = DI* = 4 
c~- -1  
D~ = (Da - -  1) Mod(5) -= 3 
i=1:  T2 - -D2  : -  3 
D a - -D  a =0 
Da :0 (=)  
Ta=O 
C~=0 
D 4 =(D 4 -0)  Mod(5) =2 
i =2:  T~ --D4 =2 
Da = Da - -  4 
D5 : 0 (~)  
T~ = DF  = 1 
C 6 = --1 
D. = (D. - -  1) Mod(5) - -  4 (with overflow) 
D, = (D 7 + 1) Mod(5) - :  2 
i=3:  T 6 = D~ - -4  
D~ = D7 - -  2 
D7 : 0 (=/=) 
T 7 = DT* = 3 
C8=-1  
D s =(D 8 -1)  Mod(5) =2 
i=4:  T 8 =D s =2 
D 9 =D~= 1 
D9 : 0 (¢:) 
T9 = Dg* = 4 
Clo = - -1  
Dlo = (Dlo - -  1) Mod(5) = 4 (with overflow) 
D n is not computed because Dlo is last digit. 
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(5 
FIG. 2. F low chart of bidirectional transformation algorithm N 1+2 +~ N 1-2 
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t ( ~VENPO~R )K~, 
I 
Zzi+ 2 =X2i+ 2 
~ ~ STOP ) 
-<<>>--e 
i l ( ) 
" I 
Z2i+3 = X2i+3 
YES 
STOP ) 
i= i+ l  
FIG. 2. Continued. 
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i-----5: T10=D,0=4 
Done 
Nr = 44234120343. 
Thus 01310420413 I-5 transforms to 44234120343 1+5 ~ --210324102 1+5. 
3. BINARY RADIX TRANSFORMATION 
In order to keep the number of digits constant, and to use only the positive 
integer algorithm, all -}-2 radix numbers will have two sign digits appended, 
and negative data will always appear complemented. For example, 5-digit 
numbers would be 
+21 -+ 0010101, 
--21 --+ 1101011. 
Thus, utilizing the general algorithm of Fig. 1, the binary case can be realized. 
In transforming in either direction, only four possible situations arise: Even 
radix power coefficients with a previous carry/borrow of 0; odd radix power 
coefficients with a previous carry/borrow of 0; even radix coefficients with a 
previous carry/borrow of 1; odd radix coefficients with a previous carry/borrow 
of 1. Since radix 2 symbology is only bivalued--0 and 1--the effect of carries 
and borrows on the next digit and the complements can be automatically 
computed irectly and entered into the flow chart rather than to merely indicate 
iNPUT = TX i  
OUTPUT Zi  
10 11 
Ol 
~,~ 
11 6o 
o" 7 
Z ( ' I  
f 1_0 ~ 
0' 0 
I 
f lo e'l 
1 o 
lO 11 oo Ol 
1 '  O '  1 '  0 
Fro. 3. State diagram of binary transformation algorithm .N [+~ for T = 1; N +~ ~2 
fo rT= 0. 
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the process to follow. Thus, the flow chart of Fig. 2 is derived. In this figure 
the following notations are used: X~ = original coefficient of (3:r) ~ term; 
Xi = inverse of original coefficient of term (:kr)i; Zi = transformed coefficient 
of (qZr) i term. 
The flow chart of Fig. 2 translates directly into the state diagram shown in 
Fig. 3 by assigning the four possible conditions given previously, respectively 
states a, b, c, and d, and by letting the direction of conversion be represented 
by the letter T in which ~2 to --2 conversion T = 1 and --2 to -+-2 conversion 
T -= 0. Figure 3 is a Mealy type sequential logic machine state diagram in which 
the input/output relationship is expressed by 
TXi/Zi = Input/Output. 
EXAMPLE 3. Transform via the state diagram +1697 from radix +2 to 
radix --2; then transform the results back again. The number +1697 with two 
digits appended becomes 0011010100001 in radix +2 notation. 
N 
N 
-2  (x} 1000010101100(MSD)  
{S:} a b a b a b c b c b c d c b 
+2 {Z} i 0 0 0 0 1 1 1 1 1 0 1 1 (MSD) 
--2 {X} 1 0 0 0 0 1 1 1 1 1 0 1 1 (MSD) 
{S} ab  ab  ab  cb  cb  c dcb  
+2 {z} loooo lo lo l  100(MSD) 
EXAMPLE 4. 
radix --2 and 
1100101011111 
mented: 
N 
N 
Transform via the state diagram --1697 from radix +2 to 
back again. Note that decimal number --1697 appears as 
when two digits are appended and the results are comple- 
-2  {x} 1111101010011 (.MSD) 
{S} abc  d c d c d c dcb  c d 
+2 {Z} 1 1 0 0 0 1 0 1 0 1 1 1 0 (MSD) 
+2 {X} I 1 0 0 0 1 0 1 0 1 1 1 0 (MSD) 
{S} abc  d c dc  d c d cb  c d 
--2 {Z} 1 1 1 1 1 0 1 0 1 0 0 1 1 (MSD) 
The state diagram of the bidirectional sequential logic machine can be 
implemented using any type of memory element. A specific implementation 
was derived by using two arK type flip-flops with outputs Q1 and Q~, and by 
assigning binary state assignments of 00, 10, 01, and 11, respectively, for the 
states a, b, c and d, where 
s=f(Q~Q~). 
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When all possible "don't care" conditions are utilized, the equations derived 
using octal designators defined by 
Designator = f ( T, X, 91, Q~) 
are as follows: 
L -~ Y'. (0, 1, 4, 5, 10, 11, 14, 15) + Z~, (2, 3, 6, 7, 12, 13, 16, 17) 
/(1 =22(2,3,6,7,  12, 13, 16, 17) +Z~ (0, 1,4,5, 10, 11, 14, 15) 
L =E(6 ,  16) +Z~, (1, 3, 5, 7, 11, 13, 15, 17) 
Ks =I2(5,  11) +2~ (0, 2, 4, 6, 10, 12, 14, 16) 
Z ----Z (1, 5, 4, 6, 11, 13, 14, 16). 
Minimizing each expression the results become 
~=U 
K~= U 
L = x91 
K~ = 91( TX + TX) 
Z = XQs + X~s 
where U -~ universal set = 1. 
Notice that except for the equation of K 2 , all signals are independent of the 
direction of transformation. Thus, specifically, if the control signal T were to 
be eliminated, the following equation set for Ks would apply: 
K2 = XQ1 
K~ = xOl  
for T = 1 (+2 to --2 conversion), 
for T = 0 (--2 to -}-2 conversion). 
Figure 4 illustrates a specific implementation f the bidirectional sequential 
logic machine which represents an improvement over that previously developed 
(see Zohar, March 1970). Specifically, the advantages for it are: 
• No a priori or a posteriori knowledge of the sign digit is required; 
transformation is independent of sign. 
• Operates on data transmitted in normal fashion; that is, the LSB first 
followed by successive digits until the MSB, and it accepts or generates data 
in 2's complement if negative. 
• Bidirectional transformation is possible through the use of a control 
signal. 
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CP 
T 
I I P'] 
]~  TO INPUT BUFFER 
END OF WORD 
FIc. 4. Schematic of bidirectional binary radix transformation N 7~ for T = 1; 
NJ+~for T = 0. 
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